Fundamental groups of ergodic dynamical systems with invariant measure are considered.
dynamical system fundamental group which are similar to those of the factor fundamental group are discussed in Section 1. It is proved that the dynamical system generated by the ergodic action of the ICC-group with property T (TICC-group) which preserves a finite measure has a countable fundamental group (see 1.8 and a more general Theorem 1.7). Furthermore, for a given countable group AdR% we construct an ergodic dynamical system whose fundamental group is countable and contains A (Theorem 1.10).
The important results are considered in Section 3-5 where the left shiftsetted action of a countable dense subgroup of the compact group is discussed in detail. It is shown that the properties of a centralizer of this action [5] are determining in this case. By using the dense imbedding of the countable Tgroup into the orthogonal one constructed by G.A. Margulis [6] and D. Sullivan [7] , we may calculate the groups of outer automorphisms and the fundamental groups of several dynamical systems [8] . The results obtained (see 4.4, 4.9-4.11 and 5.4) can be formulated as follows:
Let K=SO(n, R), G=SO(n, Q) n^5, «=t=8, p. be a Haar measure on K. Consider the action of G on (K, JLL) generated by left shifts, and let R G be a corresponding equivalence relation, F(R G ) its fundamental group, AutR G -a group of automorphisms, and Int R G -a subgroup of inner automorphisms.

Theorem. F(R G )={\}, SO(n,R), if n is odd, PO(n, R), ifn is even .
As for Corollaries, see 4.5, 4.7 and 5.5-5.7.
Out R G = Aut R G /lnt R G » j Supplement A presents the construction of a continuum of orbit-nonequivalent ergodic actions for arithmetic groups with the property T. In the capacity of the invariant to distinguish between actions, we shall consider the group of outer automorphisms of the factor or equivalence relation generated by the action of the group.
In Supplement B, written together with S.D. Sinelshchikov (see [9] ), we introduce the notion of the fundamental group for an ergodic action of a continuous locally compact group. It is shown that any finite measure-preserving action of a semisimple Lie group with a finite center, whose real rank is not less 2, has a unit fundamental group (Theorem B.2). Hence follows triviality of the fundamental group also for actions of lattices of simple Lie groups (Theorem B.3). Note that the problem of existence of the type II X factor with a unit fundamental group remains unsolved. § 1. The Equivalence Relations with Various Fundamental Groups Let (S, jj) be a Lebesgue space with a probability measure /*, R an ergodic Borel equivalence relation on (5, #) with countable orbits which preserves the measure (see [10] ). Let us consider a natural equivalence relation R=RxI 00 on space (SxZ, juxd), where d( {n}) = l and let Aut R be its group of automorphisms. If 0e Aut R, then there exists 1= mod O^R*, such that jl°6=lil [10] .
Definition 1.1. The fundamental group of the equivalence relation R is the following subgroup in JR$ :
F(R) = {mod6: 0eAut R\ .
Let us denote the subgroup Aut R which consists of automorphisms preserving the measure /JL x S by Aut 0 R. Then Aut 0 R is a normal subgroup and F(R)^Aut R/Aut 0 R.
Let P c S be a measurable subset of positive measure. Consider the reduced equivalence relation R \ P=R fl (P X P). If /«(P) = X0, then R\P^R\Q [10, Proposition 3.3] . Hence, for each Ae(0, 1] there exists a unique (to within the isomorphism) equivalence relation R(fy£&R\P where j>i(P)=Z.
As in the case of the factors (see [12] ), the properties of the reduced equivalence relation are associated with a fundamental group. 
Proposition 1.3. If n is a natural number, then -^F(R) if and only if
The connection between fundamental group of the equivalence relation and the corresponding factor can be easily established.
Proposition 1.4. Let M(R) be a H^factor constructed by the equivalence relation R [11] and F(M(R)) its fundamental group. Then F(R)dF(M(R)).
We can apply Proposition 1.4 to prove the countability of fundamental groups of the equivalence relations given by the actions of groups which involve T-groups [2] .
Let us introduce the following definition. Let a be an free ergodic, preserving the finite measure action of the countable group G on the Lebesgue space (S, #). Denote the equivalence relation, generated by the action G, by R G . Theorem 1.7. Assume that G is a AlCC-group with respect to the subgroup of F possessing the property T [2] . If the restriction of a on F is ergodic on (S, fj) and the center G is finite then the equivalence relation R G has a countable fundamental group.
Proof. Consider a crossed product M= W*(L°°(S, #), a, G).
The algebra M is generated by operators x(a) and l g (a^L°°(S, #), g^G) the actions of which in the space L 2 (S 9 ju)®l\G) are given by the following relationships: Further, g eZ (G) and because of the ergodicity of JT, a g^C . We can conclude that
Thus, the proof of equality (1.1) complete. Besides, the algebra M is a factor since Z(G) acts on (5, #) in a nontrivial way. Let # be a minimum projector in the algebra g (it will be recalled that |Z(G)| <oo, i.e. dim g<oo). Then the relative commutant ^(T) q in the reduced factor M q is trivial. By using this fact and the T-property of the group JT, the countability of the M ? -factor fundamental group can be proved by the same method as in 1.1 [4] . So, the factor M too has a countable fundamental group. According to 1.4, the group F(R G ) is also countable. D Corollary 1.8. The equivalence relation generated by the free ergodic action of the ICC-group with T-property (TICC-group), which preserves the finite measure, has a countable fundamental group. Example 1.9. Let G=SL(n, Q), r=SL(n, Z\ n^3. The group G acts by the left shifts on the space {0, 1} G . One can easily observe that each of the assumptions of Theorem 1.7 is fulfilled and therefore, the fundamental group of the equivalence relation R G is countable.
We can show now that there exist ergodic dynamical systems with nontrivial countable fundamental groups (the fact has been proved for factors in [4] ). Proof. Let us introduce a II r factor P which is constructed by the equivalence relation generated by the group Int^ Rj (see [11] ), and the factor K constructed by the action of group A. Since TcAut^^ and TcAut^, the action of F on (S 9 ju) can be extended up to the action through automorphisms on the factor K and P. The group F then will act ergodically on K and hence on P. According to the arguments of the proof of Theorem 1.1 [4] , the crossed product M= W*(P, F) has a countable fundamental group. Then we can show that the factor M is isomorphic to a factor constructed by the equivalence relation R(A, F). Therefore, the fundamental group of the equivalence relation R(A 9 F) is countable (see 1.4). We can prove that AdF(R (A, F) ). If ECS and ju(E)=A^A then because of the ergodicity of H there exists a Borel isomorphism w from S on E such that juow=Aju, and for almost all s^S, (s, (w(sj) belongs to the equivalence relation Rp@d generated by the action of a semidirect product of F by A. Let (s l9 s 2 In this section some topological properties of the groups of automorphisms of factors and dynamical systems are considered.
Let (S 9 fi) be a Lebesgue space with finite or a-finite measure #, A = L°°(S, /*)> <* be a free ergodic, preserving measure action of the countable group G on the (5, #), and let R G be a equivalence relation, generated by the action G, AutR G -a group of all its automorphisms, and Int.R G -a subgroup of inner automorphisms [10] . Denote the groups of cocycles and coboundaries of the ation of G with the values in the group T by Z\G, U(A)) and B\G, U(A)\ respectively.
Consider a crossed product M=W* (A, a, G) and put
See the proof in [11] .
We can assign the topology on the group Aut M by using the pre-base of unity neighbourhoods [15] :
For this topology, Aut M, its closed subgroups Aut (M, A) and Z(M, ^4) and the group Aut R G which is identified with Aut (M, A)IZ(M, A) and provided with a quotient topology are Pollish groups.
Lemma 2.2. Let G be a AlCC-group with respect to the ergodic subgroup with the property T and the center G be finite. Then the group Int jR G is a closed subgroup Aut R G and therefore the group of outer automorphisms
Proof. According to the arguments adduced when proving Proposition 6(b) in [14] , the group G has the property F. Moreover, its action is strongly ergodic (see [16] ). Hence, on the basis of Theorem 13 [14] , the factor G is full [17] . Thus, IntM and therefore, Int(M, ^4) and B(M, A) are closed subgroups of Aut M. Then the statement of the Lemma follows from 2.1. D Hence, for the actions which satisfy the conditions of Lemma 2.2 (in particular, for the ergodic actions os TICC-groups), the problem of studying the group of outer automorphisms as a topological group is quite natural. Note that in Section 4 the ergodic actions with compact connected groups of outer automorphisms will be constructed.
The following statement which generalizes Theorem 2.2 [5] is a basis for obtaining subsequent results. 
The automorphisms of space K can be also denoted by l g and r t :
It is evident that the action of G is free and its restriction on F is ergodic. 
Consider the crossed product M=W*(A, I, G). Recall that the algebra Mis generated by the operators n(d) and Z g (a^A, geG), where
Lemma 3.2. If G is a ICC-group with respect to F, and then the automorphism 0 maps the algebra A into itself, i.e. 6^ Aut (M, A).
Proof. Let K be a dual space of the group K. For every a^K we can choose an orthonormalized basis {£?: /=!, --^dima} in the representation space HQ. and put
The system {a^: Since the algebra A is generated by matrix elements a ii9 it is sufficient to prove that
By using (3.2), the equality the ICC-property, and the convergence of series (3.3), we can obtain c(g; m, n, p\ ff/y)=0 for g^e and hence,
Denote by jRg the automorphism of the factor M given by the relationships
Besides, the automorphism of M generated by the cocycle ceZ*(G, U(AJ) can be denoted by 6 C : Proof. In view of Lemma 3.2, 0 determines the automorphism ft of the algebra A: 7to{j=0on. By the assumption, 6(^)=^ and so, ply=l y p, r^F. According to 3.1, J3=r t for a particular f GAT. Put 6 1 =6Rj 1 . Then ^(»:(a))= <fl), ae^. Therefore there will be ceZ^G, U(A)) such that ^(^)=w(^)î .e. 0!=^. Hence, 0=d c R t . D 
CoroUary 3.4 If G is a ICC-group, M=W*(A, I, G) then
. If G is a TICC-group, M=W*(A, /, G), then e({R t : t <=K} is an open subgroup of Out M which is topologically isomorphic to K.
Consider now in detail a case when the group K is connected First of all, it should be noted that the AlCC-property of the group G with respect to F is readily realized (cf. 1.6). 
. Let K be a compact group with a finite center, G be a countable dense subtgoup of K, G=G/Z(G), K = K/Z(G). Condider the equivalence relations R G and RG, generated by the actions of G on K andG on K, respectively. Then R G^R c xl n , where n= \ Z(G) \ and therefore,
Proof. Let K\ K-*KbQ a canonical projection and s: K-*K be a Borel section, i.e. Tzros^id. Put E=s(K). It can be easily shown that v,(E)=-and n the equivalence relation RG is isomorphic to a reduced equivalence relation In this section we proceed with studying the left shift-induced actions of countable dense subgroups of the connected compact group. By using the statement from 3.10, we can determine the groups of outer automorphisms of some dynamical systems. In Section 5 this procedure will be applied to determination of fundamental groups.
Let K be a locally compact group with the Haar measure /*, G its countable dense subgroup, Aut K a group of automorphisms of the group K (measurable or continuous, which is the same),
and N K (G) the normalizer of G in K, Let us now define the following automorphisms of the space KxK: 
Theorem 4.4. Let K be a connected compact group with the trivial center, and G its countable dense subgroup, which contains the dense subgroup in K, such that it has the T-property. Let us consider the equivalence relation R G , generated by left shifts of the group G, and let 0&AutR G . Then there exist
, G) and we Int jR G such that 0=wr k o.
Proof. By Theorem 3.9, the group e({r t : t^K}) is a connected component of unity and thus a normal subgroup of Out ^G. Then e (6) 
Let us identify the group K with its image in Out R G and imbed G as a normal subgroup into Aut(£, G) (it is possible because Z(G)=Z(K) = {e}}. Then,
Proof. Let 0 e Aut R G and [6] be its image in the group Out R G JK. Then let us define map 
Corollary 4.8. Let us assume that N K (G)=G, and the group A.ut(K, G) is the semidirect product of F and lnt(K, G)*&N K (G). Then any automorphism
. Let K be a connected compact group with a finite center, G its countable dense subgroup, containing a dense subgroup in K with the T-property. Assume that the following conditions are fulfilled: (a) G is a subgroup with a finite index in N K (G) and Z(G)=Z(K). (b) The group K/Z(K) has a finite group of outer automorphisms. Then, Out R G is a locally connected compact group and its connected component of unity is topologically isomorphic to K\Z(K).
Proof. Put K=K/Z(G) 9 
Out R G^Z /2Z®PSO (n, R)^PO (n, R). § 5. The Equivalence Relations with a Unit Fundamental Group
We can now define the fundamental group of the dynamical system generated by the dense imbedding of countable group into connected compact one.
Consider the action / of the group GxZ on the space with measure (KxZ, JULX £), where <ax£ is the Haar measure on Proof. According to [17, 2. 
KxZ: hg.n>(k, m) = (gk, m+ri) .
Put A=L"(KxZ,juixd), M=W*(A, /, GxZ). Then M=M®B, where
B = B(1 2 (Z)), M=W*(A,1,G), A=L~(K,»).
. Let K be a compact group and F its countable dense subgroup with the property T and a finite center and such that F/Z(F) is an ICC-group. Consider the factor M constructed by the action of F by means of left shifts on (K, ju) and put M=M®B, where B is a type 1^ factor. Then the group Out M contains an open subgroup topologically isomorphic to K/Z(F).
Proof. In view of Lemma 3.8, M^M^B, where M l is a factor constructed by the action P/Z(P) on the space K/Z(F). Therefore, we may believe that Z(T)={e} and P is an ICC-group. Now our statement follows from the arguments used to prove Lemma Theorem A.4 shows that the nonequivalent actions of the group P can be constructed by merely imbedding it densely into various compact groups. Such imbeddings may be constructed for a broad class of arithmetic groups.
Let (jCSL(/z, C) be a semisimple algebraic group defined over the field Q (see [13, [22] [23] [24] ). Put G Q = G nSL(«, Q) and G Z = G flSL(/i, Z). By an arithmetic group we shall mean a subgroup P in G Q commensurable with the group G z (i.e. Pr\G z has a finite index both in P and in G z ).
Let us construct now orbit-non-equivalent actions of the arithmetic group J 7 , assuming that P=G Z . Consider the field of p-adic numbers Q p for a prime number p and denote by G Qp the group of the Q^-points of the group G (see [22] [23] [24] Proof. Since G is a simply connected semisimple algebraic group, then G R is a connected semisimple Lie group with a finite center. According to [24] , F is a lattice in G R . Now our statement follows directly from A. 4 [26] ). Therefore, the statement of the theorem is sufficient to prove for the group By using this result and the construction of the induced action [26] , we arrive at a similar also for semisimple Lie groups with the property T (see also [22] 
Supplement B. The Fundamental Group for Ergodic Actions of Semisimple Lie Groups and Their Lattices
Let H be a continuous locally compact separable unimodular group, acting freely and ergodically proper on the Lebesgue space (X, fj) with invariant (finite or a-finite) measure #. Consider the corresponding ergodic equivalence relation R H [27] . Let S dX be a complete countable type lloo section for the action of H. Then, by [21, Theorem 6.4] , R H^R xI, where R is the equivalence relation on S with countable orbits (discrete reduction of type !!«,) and / is the transitive equivalence relation generated by translation of the circle.
Let now 0 be an automorphism of the equivalence relation R H . According to [28, Theorem 2.4] , the exist 0eAut R and welnt R H9 such that 0=(8xid)w. The module of the automorphism 6 is the number mod 0, i.e. mod 0=mod S (see [28, Definition 2.9 and Remark 2.10]). Clearly, mod 6 does not depend on the choice of the discrete reduction R and on the representation of 6 as the product (Sxid)w. Proof. Consider the action of H on the space (X, z>), induced by the action of F on (S, #) [26] . This action is free ergodic and preserves the measure P. Besides, R H f**R r xI. According to Theorem B.2, F(R a ) = {l}. Therefore, F(R r ) = {1} . D Remark B.4. Note that there exist countable ergodic equivalence relations with a unit fundamental group which do not have the property T [27] (and therefore are not generated by the actions of lattices of Lie groups, as in Corollary B.3). Indeed, consider the group SO (n 9 Q) and its action by left shifts on SO(n 9 R) 9 72 > 5. The group SO(/z, Q) can be represented as a countable union of a increasing chain of subgroups. Since this action is free, so is the corresponding equivalence relation, in contradiction to the property T [27, 6.1.4]. However, as was shown in § 5, the fundamental group of this action is trivial.
